Sufficient encounter condition in a differential game 753

T heorem 3.1, When Condition 1,1 is fulfilled, the first player’s position strategy
U exists, which guarantees the estimate

min, p ({z [{1}, M) < @
to << t<< ¥, o= max {0, e (¢, z0)}

for any motion z [£f] = z [¢; £, 24, Ul .
The author thanks N, N, Krasovskii for formulating the problem and for constant atten-
tion to the work,

REFERENCES

1. Krasovskii, N, N,, Game Problems of the Contact of Motions, Moscow, "Nau-
ka"”, 1970,

2, Krasovskii, N, N,, Minimax absorption in a game of encounter, PMM Vol, 35,
Ne g, 1971,

3. Krasovskii, N,N, and Subbotin, A, I,, Extremal strategies in differential
games, Dokl, Akad, Nauk SSSR, Vol 196, N2, 1971,

4, Pontriagin, L,S., On linear differential games, 2, Dokl. Akad, Nauk SSSR,
Vol, 175, \¢ 4, 1967,

5. Borgest, W, and Varaija,P,, Target function approach to linear pursuit
problems, IEEE, Trans, Automatic, Control, AC=16, N5, 1971,

Translated by N, H,C,

UDC 62-50
ON A GENERALIZATION OF THE THEORY OF ERROR ACCUMULATION

PMM Vol, 37, Ne5, 1973, pp. 794-802
1,1a, KRICHEVSKII and G, M,ULANOV
(Khar'kov and Moscow)
(Received April 7, 1972)

We pose the problem of error accumulation in linear systems on a finite time
interval under three constraints of the perturbation function and its lower derivatives,
We have shown that the largest error in the system is realized in the class of
piecewise-quadratic functions possessing certain limit properties on the set of
switching points of the system’s impulse transient response and of the maximizing
external influence. Schemes are obtained for the effective solution of the prob-
lem, based on a combination of Bellman's optimality principle and of analytic
information on the extremal properties of the external influences, The present
paper is a development of [1 — 3],

1, Statement of the problem, Let the error in the kth system coordinate
zy(k =1, ..., 1), caused by a perturbing action f (), be the solution of the differ

ential equation n—1 g

(CC},-)
LSS0 .1

dnxk _

el U

in which the coefficients 4; ({) (. = 0, .. ., n — 1) are continuous functions of
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time ¢ on the interval [0, T,] and f () belongs to a set M of functions satisfying
the following constraints: y .
IF (O] << my, Fol<m (1.2)
@)= < mlt—sj

The solution of Eq, (1.1) can be written as

T
e, D)=\ k(@ 0f O dt, TeJ=(©, T (1.3)

Here % (T, #) is the system's impulse transient response relative to perturbation f (¢).
The problem is to seek the quantity
max max z. {f, T} (1.4)
TeS feM
when T = T, problem (1,2)—(1.4) degenerates to the know problem of error accu~
mulation at a fixed instant T, considered in [4 — 8] with one constraint on f (), in [9]
with two constraints (on the function and on the first derivative), and in [1 — 3] under
three constraints, respectively, In linear systems with constant parameters with one cone
straint on f () (If ()] < my) the maximum error in the interval [0, 7] isrealized
at the extrerne point 7, In the remaining cases this
maximum can be reached at an intermediate point of
the interval [0, 7,1

} —

2, Error accumulation at a fixed instant
T . We consider an auxiliary problem on the limit
values of the functional

Xa
I(F;z5) :S Fz)dz (n<za<m) (2.1)
in the class R of functions F () subject to the follow=
ing requirements:
[F@) < my, | F@) — FOI<<m |2z —sf;
Fiz) = b; (=12 I(Fiz)=C,
C, I (Fa) <<y (60,6220

Fig, 1 We delineate a family X (T R of continuous piece~
wise-linear functions

Dy (z) = D, (25 202, (=12 o <D <ol T, 2l) =2

by b
for x( )\<_ xy *"—”—I and for :I:o') >z - 'mi‘
The function @, {x) has the form (Fig,1)
} min {b -1 ma{z — )l s ma {:x:‘?}-« 3} i r(n}
Iy ()= @D <zl ol (2.2)

\\
ml\{,izr(1<l)~—£) —nyy b2 -— ma(za — 2)} (xm T 22)
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b1 — sign (b1) mz2 (z — zy) (1 <r << x&l))
Dy (z) = { max (@1 M) — ma(z —2W); — my; by — ms (22 — 7)}
(= <z < m)
for ¥ <z, + byjmy
min {by -+ ma (x — 21); ma; by — sign (be) ma (Ra—2’) + ma (3 —2)}
D, () = | (11 <z<eW)
l ba — sign (02) mq (x2 — ) (x(l) Lo 1)

for ;M >z5 — | by |/m,

The function @, (z) = @, (z; 11®, 2,') is defined analogously, The following lem-
ma is valid (the proof was presented in [2]).

Lemma 1. Ifset R is not empty, then the largest value of functional (2.1) for
any fixed value of z is reached on one and the same piecewise-linear function @, (x;
u), p) & X possessing the property

1
ey x§)
§ @ @,u®, vy dz=sup § @, (22", 000) da
X4 x(l) x1

An analogous assertion is valid relative to the function @, (z, u®, v®») = X, on
which the smallest value of the functional is reached,

let L [z, z5] be a family of functions f (x) & M, given on the segment lzy, 1]
and satisfying the conditions

fa)=an  Fl)=b (=12 (2.3)
The set of derivatives of f (x) &= L belongs to R for certain values C = a, — @,
C, = —my— @ and C; = m, — a;. If [ is nonempty, then by virtue of Lemma

1, applied to the derivatives of f (¥) & L, we can find functions f, (r) & I and
fu (x) &= L realizing the relations

fol(z) = sup f), fa@) :fglf f(x)

for any 2 & (x,, x,). The functions £, (x) and fy (x) are called the upper and the
lower function of set L ,respectively,

Further, let L, [r,, x,] and L, (x,, z,] be families of functions f (z) = M satis-
fying the first condition in (2, 3) for one and the same values q; and the second condi-
tion in (2, 3) for the values b; = b;’ for f (z) & L, and b; = b," for f (z) & L,.
According to Lemma 1, each of the sets L; [z}, 2,] (j == 1, 2), if it is not empty, con~
tains its own upper f,; (x) and lower fg; (x) functions,

Lemma 2, Let(a)each of the sets L; [x,, z,] (j = 1, 2) be nonempty: (b) the
derivatives f’ (z;) (i = 1, 2) of the functions f () = [, and f (x) & L, satisfy
the conditions: b, >> b"; and b," < b,. Then for any z = [z, x,] we have

for (x) > foe (2), fin (2) << fra (7) (2.4)

Proof, By the definition of an upper function the derivative f,;" (x) (j = 1, 2) is
the piecewise-linear function @, (x; uj; v;).

1°, Let uy <C »;. According to Lemma 1, when u; < »; the upper function To (z) =
mo (u; < z < v;). But then, by the lemma's hypotheses,
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UK K7 <
I/ (@ =2 (@ (@<e<n, n

<@ <) (2.5)
fbal (x) = \<~sz’ (=) ( o <uy, e <<a < o)

Here y, (y,) is a boundary of the segment (y,, u;) (respectively, (v, y,)) on which
5" () = —m,. By virtue of (2, 5) the first relation in (2,4) is automatically fulfilled on
the segments [iy, y,] and [y, =l
Passing to the segment [, u,], we assume that the function f;, (z,) << f;, (%) at some
point z, (y; < x, < ys) . But then there is the inevitable contradiction
foe(z) Ly [m1, 2] (2.5)
since b W

iy, (1) = Frd,) + 3 fr/(xyde > fb, (xa) + 5 fb:(’”) dx == my

@
In exactly the same way the nonfulfillment of com:iitioxf (2.4) at any point of the sege
ment [v;, ¥y} implies the analogous inequality: f;, (¢p) > m,.
2°, let uy == ».Then also u, = v,, since otherwise by virtue of inequality (2, 6) when
uy < u, or by virtue of the relation

XNz

ool = o, 00 | /@ 2> o (2 + | 1o/} de = @M

when ug 2> u, there is the inevitable contradiction: f, (2} & Ls.

So long as u; = v; (j = 1, 2), this case differs from the general case considered in 1°
only in the existence of a subsegment {y,, y,") of segment (xy, x3}, on which f " ()} =
—m, and either f, " () > 1., (&) or ., {z) <[, (=). In the first case (f,/ («) >
oo (@) (u) <% @ < yy')) the first relation in (2,4) is fulfilled automatically on the seg-
ment [y,’, y,'] . In the second case we arrive at (2, 7) by admitting the existence of a
point z, (" <z, < y,'), where [, (=) <f, (=)

The proof is analogous for the lower functions, The lemma is proved.

Passing to the basic problem, we examine a theorem on the largest value of functional
(1.3) on set M for a fixed 7.

Theorem 1. Fora fixed I" relation (1. 4) is achieved on a set E of piecewise-
quadratic functions f, (/) & M possessing the following properties:

a) the functions f, {f} have one and the same second derivative;

b) each of the functions f, (¢) is an upper (respectively, a lower) function of
some set L lf, ¢.,] in each interval [f,, £, (s = 0,4, ..., n — 1), where
ET, >0 (4, 5<L0).

Proof. 1%, Set M isrelatively compact by virtue of the equicontinuity and uni=
form boundedness of the functions f (f) &= M (see (1.2)). Furthermore, M is closed
(by virtue of the nonstrict inequalities (1,2)). Consequently, the largest value of func~
tional I (f) is reached on some function f,, <7* Jf. Let us assume, to the contrary,
that in some interval (f,, f.,,] the maximizing function is not an upper function when
kAT, t) 7> 0 (not a lower function when 7 (7', #) < 0) of the set

Ly = {ff:; Al i (fs) = fm (&)&ff (ts) = f'm (is){:s =rr+ 1)}

Then, after replacing fp, () inthe interval {f,, f,,,] by the upper function when
(T, 0> 0 (by the lower function when £ (7', 1) < 0y of 1., ,the value of the
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functional is increased,
2°, To prove the uniqueness of the second derivative f,," (f) , we make use of the
condition, following from (1, 2), that set M is convex, In this case the function

A =4O+ A —=0L0
will belong to M for any & (0 < A < 1) provided f; (¢) and f, (¢) belong to M. At
the same time, if f, (f) and f, (¢) are maximizing functions, then, obviously, /. (¢) (0<C
A < 1) also is a maximizing function, According to (2.2) the second derivative of the
maximizing function fo(f)&M can take only the values my, —m, and 0, The second
derivative /" (¢} satisfies this requirernent in the single case when f,” (1) = f,” (¢).
In fact, having differentiated 7 (f) twice with respect to ¢ and assuming f”, (§) ==
fo" (1), after the substitution of the possible values of f;"(?) and £," (¢}, equal to 72y,
— mgor 0, we amrive at the contradiction /»"(f) = = Am, for 0 < A< 1.The theo-
rem is proved,

3, Error accumulation on a finite time interval, Let 2 (7.7) =75(t),
t, (s = 1. ..., n — 1) be switching points of kernel % (t); t, =0, t, = T;

?;‘ (t) > 0 (f's <t K loipy § = 0, 27 "')‘

Theorem 2, Relation (1,4) is achieved on the product of set £ and of a set 4
consisting of the switching points of the kernel % (¢) of the functional, of the point 7',
and of the switching points @, of the function f, ({) & FE, belonging to those intervals
[£, tea] (2, < 0, < tg,,) of sign-constancy of the kernel, on which the conditions

(=1 f, () >0, (=1 fq (t,) <O (3.1)
are fulfilled,

Proof, 1°, Functional [ (f, 7)) is given on the set product M X J. The sets M/
and J are compact in the corresponding metric spaces (', ry and R, Consequently,
their product is compact, and relation (1,4) is achieved at some point 7' of the inter-
val {tr’ t, ﬂ.] of sign-constancy of the kernel by some function f,, (ty &= U. Here

(s =71 r+1 U= {f:f&M; f(t)=a,[ () = b} 3.2)

Relation (1.4) can be written as

3
7

T
max max J(f,7) = (& () fm (1) dt + max \ & (&) fo (t) dt (3.3)
Ted feM ) ST<lra i,
According to Theorem 1 and to (3, 2), the first functional in (3. 3) reaches its largest
value on a piecewise~quadratic function f* €= E [} [, The maximum over f of the
second functional is realized, independently of the value 7 (¢, <C 7' < #+44), by a func-

tion f** (f) = E (| U, whose derivative has the form
d e (1) ! min {b,+my (—1,); My, Mo (t;ﬂ — 1} (<t )
at ~ o (> th)
Here we have chosen f£;,, from the condition f** (7,,;) = m, and considered the
case when k (f) > 0 (£, < ¢ <{ f;4). In fact, according to Lemma 1, f** () is the
upper function of the set U [f,, ,,,]. Consequently, the maximum of functional 7 (f,
7 over f for any T isrealized by some function f, (f) = E ) U, equalto j* (f)
in the interval [0, #,] and to f** (y)in [7,, ¢,,,].

(3.4)
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2°. The second integral in (3, 3) can reach a maximum value at an intermediate
point 0, of interval (¢, £,.,] if O, is the point at which the function f** ({) changes
sign from positive to negative, because then f** (f) > 0 (f, <C ¢ <C 0;). This can
happen when conditions (3,1) are fulfilled, In the remaining cases the maximizing func-
tion either is sign-constant or can have a single point inside interval [¢,, ¢,,,] at which
it changes from negative to positive, and relation (1,4) is achieved at one of the extreme
points of the interval [¢. ¢...].

The proof for the case J; (¢) < 0 (¢, < t < t,4,) is carried out analogously, The
theorem is proved,

According to Theorem 1 problem (1.2)— (1,4) can be replaced by the finite~-dimen-
sional problem of maximizing the function

T
1N =\E@O ot a0, a0 bo,... b dt
0

of 2 (n + 1) variables: f, (t,) = a;and f, (¢;) = b, (s = 0,1, ..., n). If the
number of intervals of sign-constancy of the impulse transient response k () is small,
the maximum errors can be found by the usual methods of differential calculus, Bell-
man's dynamic programing method proves to be the most effective method in the gene~
ral case,

We consider the functional .

k
[r’.' (ah‘v bk) = a ma); S k (T, t) fO (ta Aoy -+ - a‘k-—l’ b07 c ety bh'—l; A, bh) dt
A

given on a set of functions f, € M for which the value at point Z; and the value of
the derivative at point ¢, are fixed: f(t,) = ay, fo' (t,) = b. Bellman's functional

equation has the form L
+1

Tien (@xens D n) = ‘I“abx [Ih‘ (ay, by) + tS k (T, t) fo (t; ak, bi; @ien, Bierr) dtJ (3.5)
ki ke
Its solution on an electronic digital computer can be effected by the following scheme,
Stage 1, Determination of all possible combinations of values of ay, by, x4y, bum
(k =1, ..., n),satisfying the condition that the corresponding sets L [{y, trial-
are nonempty.
Stage 2. The sequential solution of functional Egs. (3, 5) from kE=—1tk=n,

including :
a) determination of the upper functions, for £ = 0, 2, ..., and of the lower func-
tions, for k — 1, 3, ..., of the corresponding sets L [£,, t5i1];

b) computation of functionals 7, (ay, b) by the usual procedure for solving
Bellman’s functional difference equations;
c) determination of the quantity max /7, (a,, b,).

The functional Egs, (3, 5) are two-dimensional, which causes specific computational
difficulties for an effective solution, By using certain properties of optimal controls at
the switching points of the functional's kernel, we can substantially simplify the com-
putational scheme,

We consider the set N1y = Npiy (@r®, i, afy) of functions f, & E with the
fixed values: f, (¢,) = ap*, fo' (fre1) = bk 20d fo (fry) = aify. By virtue of
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Theorem 1 the quantity

fer1
max S E(T, ) fot a0y - -y g1, by - o bygs af |, by,afy, bl dt (3.6)

Goyenns Gf1 &

bayeers by
is achieved by some function fy (£) at some value b, & B, where By is the set of
values of the derivative fo' (f3) (f & Npvy). Let B, (C Bpbe a subset of values of
the derivative f,' (¢3), for which (—1)* f," (¢, — 0) = —m, or 0. The following
theorem is valid,

Theorem 3, Ifset Ny is not empty, then a solution exists of functional Eq,(3.5)
for the values f, (£x) = a,*, fo (fxs1) = b¥, 2nd fo (fr41) = axy,, Tealizable by
some function f* & Ny, for which the derivative at point ¢y either belongs to B}’
or is the upper boundary for k& = 0, 2, ... (respectively, the lower boundary, for k =
'1, 3, ...) of set Bk.

Proof, let £ {§) >0 (fp_y < £ < £1); the values ap, Gp+y and by, are cho-
sen such that IV 4y is not empty ; correspondingly, the set B, is not empty; further, let
b* = min by(by= B,). Consider the functional equation

I ;i+1 ()= max J(agy,by1,06)= max [l (a5, bea) + (3.7

%1, Pk-1 #-1, Y1

teey

S k (2) fo (5 @1, by-1, bi) dt] (fo E Niar)
L
Obviously, teey
Ita= max § k(@)fo(t)dt = max L5 (b)
"'m---’“k—l 0 beBk
Boseevs O

Let IV ;m be the set of functions fo & Ny by which the quantity [ ;m is achieved
for all by & Bj. Arguing to the contrary, assume that [i,; is realized by some func-
tion f,, €= Ny, satisfying the conditions

fo (t) = mg, o' (tr) = b > b* (3. 8)

According to (2. 2) and (3, 8) we can form the function f, (f) = Ny,,, satisfying
the following requirements

for () = for (8) 0 <<t thed) (3.9
foo' (£n) = by < ¥
foa! (8r) = — my  or 0(by >b%)

From (3. 9) and Theorem 1 it follows that the function f,, (f) = N, is a solution of
functional Eq, (3. 7) for some value b = b,. Applying Lemma 2 to the functions

fo1 {t) and foq(2) on every interval [fy_;, £,] and [£,, £,,,] ,the functions differing
between themselves in the value of the derivative at point £, we obtain

for () > for (V) (fr-1 << EC ER) (3.10)
for () << for () (tr < E < tra)

Then, as a result of replacing the function fy; (¢} in(3,.7) by foe (¢) ,the first term
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on the right-hand side remains unchanged, while, by virtue of (3, 9), the second term

increases by the amount fesy

§ EO U0 — 10 014> 0
k-1
which leads to the contradiction

J (ak-l’ bk—l: bi) < J (ak':l! bk-‘h ;}*)

The proof is analogous for the case k (#) <{ 0 (fp.; < ¢ <C t4) . The theorem is
proved,

We can considerably simplify the solution of functional Egs. (3. 5) by using Theorem
3, because in this case the straightforward sorting through of solutions forall values of ay
and by is replaced by a sorting through of solutions only for the values 6, = B, and
for one of the boundary values b,* (the minimum one for odd values of £ and the max-
imum one for even values),

By virtue of Theorem 2 an effective solution of problem (1.2} — (1.4) can be reduced
to solving the same functional Eqs. (3. 5) as for problem (1.2)— (1,4) when T = T,
with the sole difference that at each stage of solving Eqs. (3. 5) (for each value of k) it
is necessary to determine the quantity

I.* = max Iy (ay, by) (k=1,...,n—1) (3.11)
aka bk
and to compute the integral
9
3
I = (E@ L Bdt (o ) = 0,6 << tsa) (3.12)
0
over functions f*,(f) which satisfy the hypotheses of Theorem 2, The largest error in
the system in the interval [0, 7] is determined by comparing the quantities {,%, 1y’
and I, (£ =0, 1, ..., n~— 1) found from (3.11) and (3.12).
Example. The impulse transient response is given in the form
k(1) = 10708 gip ¢
It is known that the perturbation f (¢) belongs to some class M with constants: m, = 1,
my = 0.715, m, = 0,35, We are required to determine
T
max maxu«(7’,f}= max max 5 E(O T —)dt (3.13)
o< T <o jEM ST <27 fEM
1
Solution, We solve the functional Egs, (3, 5) successively for the intervals 10, nil
and [n, 2n). We find

?gﬁx(n): 84, fom) —1, fm -0 (3.14)

J (8) =1 0<t<a)
max x (21) = 7.8, fopg G0 = 0.42, fray (1) = — 0.637

eM

Foy, @ =10 <), fy, @) = —0.23,  fo' @a) = —0.715
{,(t)f{o O<t <)

m T \max {—my (t — 1) —my)} (v < t < 2n)

Thus, relation (3,13) is realized by function (3,14)
max  max z(T", /) = « (7, },) = 8.4
o< o fe= M
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USE OF THE VARIATIONAL EQUATION IN THE STUDY OF POLARIZABLE
AND MAGNETIZABLE CONTINUOUS MEDIA

PMM Vol, 37, N5, 1973, pp. 803812
A, G, TSYPKIN
(Moscow)
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A model of a continuum is constructed, using the variational equation suggested
in [1, 2] which makes it possible to obtain models of continua using a minimum
number of unified physical hypotheses, In the present paper the variational equa«~
tion is used to obtain a system of equations defining the macroscopic motion of

a continuum with polarization and magnetization effects taken into account,
within the framework of the special relativity theory, Use of the four-dimen~
sional space-time and special relativity theory i3 required in order to match
theories of electromagnetism and mechanics, We investigate some of the con=
sequences of two possible decompositions of the total energy-momentum tensor
of the electromagnetic field and the continuum into the continuum energy-
momentum tensor and the electromagnetic field energy=-momentum tensor accor=
ding to Minkowski and to Abraham, respectively, When moment stresses and
external mass moments are absent in the medium, we assume the symmetry of
the total energy~momentum tensor of electromagnetic field and medium (this

is equivalent to the absence or constancy of the combined electromagnetic



